Abstract. In the paper, the author establishes inequalities, monotonicity, convexity, and unimodality for functions concerning the modified Bessel functions of the first kind and compute the completely monotonic degrees of differences between the exponential and trigamma functions.
on (0, ∞) was obtained and applied, where ψ(t) stands for the digamma function which may be defined by the logarithmic derivative ψ(t) = [ln Γ(t)] ′ = Γ ′ (t) Γ(t) and Γ(t) is the classical Euler gamma function which may be defined for ℜz > 0 by
The derivatives ψ ′ (z) and ψ ′′ (z) are respectively called the tri-and tetra-gamma functions.
In [17, Theorem 3.1] and [18, Theorem 1.1], among other things, the inequality (1.1) was generalized to a complete monotonicity respectively by different and elementary approaches, which reads that the difference
is completely monotonic, that is, (−1) k−1 h (k−1) (t) ≥ 0 for k ∈ N, on (0, ∞) and for n > 0 and any real or complex number a. This gives an answer to an open problem posed in [22] . See also [21, Chapter 6] . By virtue of (1.4) or (1.5) for k = 0 and the well known formula is decreasing on (0, ∞); when 0 < β < 1, it is unimodal (that is, it has a unique maximum) and
is convex on (0, ∞).
1.4.
Necessary and sufficient conditions. For α, β > 0, let h α,β (t) = αe β/t − ψ ′ (t) (1.13) on (0, ∞). In [17] , among other things, the following necessary and sufficient conditions for the function h α,β (t) to be completely monotonic on (0, ∞) were obtained. If β ≥ 1 and αβ ≥ 1, the function h α,β (t) is completely monotonic on (0, ∞).
A necessary condition for the function h α,β (t) to be completely monotonic on (0, ∞) is αβ ≥ 1.
If 0 < β < 1, the condition
is necessary and sufficient for h α,β (t) to be completely monotonic on (0, ∞), where
for all β > 0.
1.5.
Completely monotonic degree. The notion "completely monotonic degree" was created in [6, Definition 1], which may be regarded as a slight but essential modification of [11, Definition 1.5] and may be reformulated as follows.
Definition 1.1. Let f (t) be a function defined on (0, ∞) and have derivatives of all orders. If for some r ∈ R the function t r f (t) is completely monotonic on (0, ∞) but t r+ε f (t) is not for any positive number ε > 0, then we say that the number r is the completely monotonic degree of f (t) with respect to t ∈ (0, ∞); If for any r ∈ R none of t r f (t) is completely monotonic on (0, ∞), then we say that the completely monotonic degree of f (t) with respect to t ∈ (0, ∞) is −∞; If for all r ∈ R each and every t r f (t) is completely monotonic on (0, ∞), then we say that the completely monotonic degree of f (t) with respect to t ∈ (0, ∞) is ∞.
In [6, p. 9890] , the notation deg t cm [f (t)] was designed to denote the completely monotonic degree r of f (t) with respect to t ∈ (0, ∞). We can redevelop the above Definition 1.1 as follows:
is not completely monotonic for any r ∈ R, then deg t cm [f (t)] = −∞. We claim that f (t) = 0 is the only function with deg
is always completely monotonic on (0, ∞) for any positive number r, which means that [5, p. 98 ] asserts that for a completely monotonic function f on (0, ∞) the strict inequality (−1)
Consequently, the inequality (1.17) may be rearranged as
This leads to a contradiction to the arbitrariness of r ≥ 0. As a result, it holds that
(1.18) Recently it was proved in [16] that the completely monotonic degree of Ψ(x) with respect to x ∈ (0, ∞) is 4, that is,
(1.19)
For more results on complete monotonic degrees, please refer to [6, 9, 10, 16 ]. 
Our main results in this paper are the following theorems in sequence.
is valid on (0, ∞).
When β ≥ 1, the function
is decreasing on (0, ∞); when 0 < β < 1, it is unimodal and
(1.24) (3) if αβ > 1 and β ≥ 1, or if αβ > 1, 0 < β < 1, and
Lemmas
We need the following lemmas. 
If m, n ∈ N, then the polynomial Q 2n has no real root, the polynomial Q 2n+1 has a unique real root in (−∞, 0), and
and [14, p. 227, 3.3 .27]). Let
be a real polynomial of degree n ≥ 0. Then the inequality
holds for 0 ≤ x ≤ 1, where
. Let a k and b k for k ∈ {0} ∪ N be real numbers and the power series
be convergent on (−R, R) for some R > 0. If b k > 0 and the ratio
increasing for k ∈ N, then the function
B(x) is also (strictly) increasing on (0, R).
Lemma 2.4 ([1, p. 377, 9.7.1]). When ν is fixed, |z| is large, and µ = 4ν 2 ,
where B n for n ≥ 0 stand for Bernoulli numbers which may be generated by
Lemma 2.6 ([20, p. 161, Theorem 12b]). A necessary and sufficient condition for f (x) to be completely monotonic on (0, ∞) is that
where µ is a positive measure on [0, ∞) such that the integral converges on (0, ∞).
Proof of Theorem 1.2
For proving Theorem 1.3, we need at first to verify Theorem 1.2 as follows.
Proof of the inequality (1.21). Taking ν = 5 and z = 2 √ u in (1.6) lead to
Hence, in order to prove the inequality (1.21) for k = 5, it is sufficient to show
(e u − 1) 5 which can be rewritten as
By direct calculations, we have
and
It is easy to see that the function F 3 (u) can be rearranged as
and that (1) the term e u − 261 is positive when u > ln 261 = 5.56 . . . , (2) the term 23e 2u − 2373u − 1345 has a unique minimum at u = Consequently, when u ≥ 6, the function F 3 (u) is positive.
Applying Lemma 2.1 to m = 2 and n = 3 derives
and the function F 3 (u) can be written as 
By Lemma 2.1, it follows that the function
has a unique positive zero. Since F 6 (6) = −864 and F 6 (8) = 608, the function F 6 (u) is negative on (0, 6). By Lemma 2.1 once again, the function
has no any zero. In a word, the function [2, 3] , [3, 4] , [4, 5] , or [5, 6] can be respectively transformed into the positivity of the function In conclusion, the function F 3 (u), and so F 1 (u), is positive on (0, ∞). This means that the inequality (1.21) for k = 5 is valid on (0, ∞).
The inequality (1.21) for 1 ≤ k ≤ 4 may be verified by similar arguments as above.
Proof of monotonicity of the function (1.22) . For simplicity, we consider
where
, and c 2 (β) = 14 + 8β + β
ℓ .
An easy computation yields
where in the last line we used the inequality
Consequently, when β ≥ 1 and k ≥ 2,
Therefore, when β ≥ 1, we have c k+1 (β) − c k (β) > 0. Equivalently speaking, when β ≥ 1, the sequence c k (β) is increasing with respect to k ≥ 0. From this and Lemma 2.3, it follows that, when β ≥ 1, the function
is increasing on (0, ∞). As a result, when β ≥ 1, the function G β (u) is decreasing on (0, ∞). The proof of monotonicity of the function (1.22) is complete.
Proof of unimodality and convexity of the function (1.22). By (1.6), it is straightforward to obtain d d z
Making use of (3.3) and differentiating lead to
, that is,
, and
Therefore, the differences
2 + 24(1399 − 266β) 1271088 are all positive for 0 < β < 1.
For k ≥ 4 and 0 < β < 1, we have
for k ≥ 4, we easily obtain that θ k+1,k+2 > 0 and
for k ≥ 4 and 0 < β < 1. The inequality
may be rewritten as
which may be deduced from
Thus, the inequality (3.5) must be valid for k ≥ 2. The inequality
for k ≥ 4 and k ≥ ℓ ≥ 1 can be rearranged as
where 0 ≤ m = k − ℓ < k. Furthermore, for k ≥ 4 and 0 ≤ m ≤ k − 2, the inequality
may be rearranged as 
It is clear that
Accordingly, the inequality (3.8), and so the inequality (3.7), holds for all 0 ≤ m ≤ k − 2 and k ≥ 4. This means that the sequence
is decreasing with respect to m, and so that the sequence
is increasing with respect to ℓ. Therefore, in order to show the inequality (3.6) for k ≥ 4 and k ≥ ℓ ≥ 1, it is sufficient to prove the inequality
for k ≥ 4, which is equivalent to
and k 2 − 3k − 12 is positive for k ≥ 6, the inequality (3.9) is valid for k ≥ 6. By a straightforward computation, it is easy to see that the inequality (3.9) is also valid for k = 4, 5. Therefore, the inequality (3.9) is valid for all k ≥ 4. In conclusion, the inequality (3.6) holds for k ≥ 4 and k ≥ ℓ ≥ 1. Substituting (3.5) and (3.6) into (3.4) reveals that C k+1 (β) − C k (β) > 0 is valid for k ≥ 4 and 0 < β < 1. Hence, the sequence C k (β) =
is increasing with respect to k ≥ 0 for 0 < β < 1. By Lemma 2.3, it follows that the derivative It is easy to obtain
and, by Lemma 2.4,
as u → ∞ for 0 < β < 1. Consequently, from its monotonicity on (0, ∞), the derivative With the help of Theorem 1.2, we now start off to prove Theorem 1.3. If the function t q H 1,1 (t) is completely monotonic on (0, ∞), then its first derivative is non-positive, that is,
which can be formulated as
By virtue of (2.6) for n = 1, 2 and the expansion
we have p(t) ∼ (a) if β > 1, by virtue of the fact that the function
is strictly increasing on (0, ∞) and by the inequality (1.21) for k = 3, it is not difficult to see that the completely monotonic degree of the function H 1/β,β (t) for β > 1 is 2; (b) if 0 < β < 1, by the necessary condition (1.14), the function H α,β (t)
is not completely monotonic; (c) if β = 1, the discussing question goes back to the proof of (1.23); (2) when αβ > 1 and 
Remarks
Finally we list some remarks on something to do with our lemmas and theorems. Remark 5.2. The function F 3 (u) defined by (3.2) can also be decomposed as 
The equalities in (5.1) are valid if and only if x = 0, b. This theorem was proved once again in [8] and was collected in the monograph [13, p. 290] and its older and subsequently revised version.
Remark 5.4. By Descartes' Sign Rule, it follows that (1) the polynomial P 1 (m) = m 4 + 36m 3 + 323m 2 + 12m − 756 has one possible positive zero; since P 1 (0) = −756 and P 1 (2) = 864, this zero belongs to the interval (0, 2), so P 1 (m) > 0 for m ≥ 2; (2) the polynomial P 2 (m) = m 4 + 10m 3 − 99m 2 + 24m + 252 has two possible positive zeros; since P 2 (0) = 252, P 2 (3) = −216, and P 2 (6) = 288, these two zeros locate in the interval (0, 6), so P 2 (m) > 0 for m ≥ 6. These functions can be calculated for small values of ℓ and K 4 (7) = 0.0009 · · · < 1 720 . Therefore, the inequality (5.3) holds for u ≥ 7. As a result, it is sufficient to prove the inequality (5.3) on the interval [0, 7] . Remark 5.6. By a result in [19] (or see [11, p. 35 for u > 0 and 0 ≤ k ≤ ℓ. By (5.4) for n = 1, it follows that
hence, by (1.9) for n = 1,
Since the inequality (5.6) holds for 0 ≤ k ≤ 2, we obtain by [11, Theorem 1.3 ] that
is completely monotonic on (0, ∞). If we add the completely monotonic function 
